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Abstract. Our main theorem is an improvement of the Criterion of Kanev about 
Prym-Tyurin varieties induced by correspondences, which includes correspondences 
with fixed points. We give some examples of Prym-Tyurin varieties using this cri- 
terion. 



1. Introduction 

Let C be a smooth projective curve over C and let J = JC be the Jacobian of C 

with canonical principal polarization O. Consider P <— > J an abelian subvariety with 
induced polarization i*Q. We say that P is a Prym-Tyurin variety of exponent q for 
the curve C if it exists a principal polarization ScP such that 

i*Q = qE. 

In [3] Kanev shows the following sufficient condition for a subvariety of J to be a 
Prym-Tyurin variety for C. If 7 is an endomorphism of J induced by an effective 
fixed point free symmetric correspondence which satisfies the equation 

(l-7)(7 + g-l) = 0, q>2, (1.1) 

then P = Im(l — 7) is a Prym-Tyurin variety of exponent q. However, this criterion 
does not include the case of a Prym variety (of exponent 2) associated to a double 
cover over C with two branch points (cf. [7]). In this work we give some conditions 
to extend this criterion to a correspondence with fixed points. 

A correspondence is a line bundle L on C x C (alternatively a divisor on C x C ); 
we say that the correspondence is effective if it is defined by an effective divisor on 
C x C. Throughout this paper we will consider effective correspondences. For any 
point p £ C define the line bundle on C 

L (P) :=L l{ P }xC- 

A point of p € C, with L(p) = Oc(D), is a fixed point of L if D — p is an effective 
divisor. We prove the following 

Theorem 1.1. Let L be an effective symmetric correspondence on C x C of bidegree 
(d, d) with 2n fixed points and 7^ the endomorphism of the Jacobian J induced by L. 
Suppose n < d and 

a) 7£ satisfies the equation 1.1. 

b ) There are n distinct fixed points p± , . . . , p n G C such that 

pi, . . . ,pi £ Di, pi^Di-pi, i = l,...,n, 
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where L(pi) = Oc(Di) with Di effective divisors. 

Then P : = Im(l — jl) is a Prym-Tyurin variety of exponent q for the curve C . 
Moreover, there exist theta divisors and Z on J and P respectively such that i*@ = 
qZ. 

Remark 1.2. If L = Ocxc(D), the condition Pi £ Di — pi for i = 1, . . . ,n of the 
Theorem 1.1 is equivalent to say that T> intersects transversally to the diagonal A in 
C x C at the points pi, ■ ■ ■ ,p n - 

En particular, when d = n = 1 this criterion recovers the example of Prym varieties 
associated to double covers with two ramification points. We will use this criterion 
to construct new examples of Prym-Tyurin varieties. 

Acknowledgments. I am grateful to Sevin Recillas for his advice and encouragement, 
this article is dedicated to him. I would like to thank to A. Sanchez for very useful 
discussions. 



2. SUBVARIETIES OF THE JACOBIAN 

Let us recall some generalities about correspondences and abelian varieties. Let g be 
the genus of C. We will consider correspondences on C as line bundles onCxC which 
are defined by effective divisors on C x C. The bidegree (d\, cfe) of a correspondence 
L G Pic(C x C) is defined by d\ = degL| Cx{s} and c?2 = < ^ e S-^|{i} X c' ano - ^ ^ s 
independent of the points s,t G C. Two correspondences L and V are equivalents if 
there are line bundles L\ and L2 on C such that 

L' = L®ir\Li (g)7r|L 2 , 

where k\ and tt2 are the canonical projections of C x C. A correspondence L induces 
an endomorphism of Pic(C) given by 

1L ■ OcC^npi) ^ L( Pl ) ri ® ■ ■ ■ ® L(p n ) r ", 

with pi e C and n G Z. For all G Pic(C) we have deg7L(iV) = c?2deg(A r ); in 
particular, a correspondence induces an endomorphism of the Jacobian jl : J — > J, 
which does not depend on the class of equivalence of L and every endomorphism of 
J is obtained in this way (Theorem 11.5.1. [2]). An endomorphism jl associated to 
L is symmetric if and only if t*L = L where r : (x, y) 1— > (y, x) on C x C, and then 
d\ = c?2 = Consider a symmetric endomorphism 7 G End (J) such that 1 — 7 is a 
primitive endomorphism satisfying 

(l-7) 2 =g(l- 7 ), 

for some positive integer q. Define 

P := Im(l - 7), 

which is an abelian subvariety of J of exponent q. Let P ^ JC be the inclusion and 
i*B the induced polarization on P. 
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Proposition 2.1. (Prop. 1.6 [3], Prop. 12. 1.8 [2]) There exist a principally polarized 
abelian variety (Po,Eo), homomorphisms a,j and an isogeny \i in the diagram 

P (2.1) 



such that they verify the following : 

a) j*Q = qE 

b) i o n = j; j o a = 1 - 7; a o j = q Po ; a o 7 = (1 - g)cr. 

3. The proof of the criterion 

The idea of the proof of the Kanev's Criterion is to find divisors on J and E on P 
such that we have the equality of divisors i*Q = qE. Our contribution to the original 
proof resides in the following proposition, proved in the context of a correspondence 
which fixed points verify the condition b) of the Theorem 1.1. 

Proposition 3.1. There exists theta divisors 6 and Eo on J and Pq such that 
j*(@)=qE Q . 

The proof of the criterion follows from this proposition. 

Proof of the Theorem 1.1: If 6 is the divisor of the previous proposition the di- 
visor i*Q is well defined, since by the Proposition 2.1 j = i o /x and /j, is an isogeny. 
Put i*Q = ^kfkDk with rfc > and \x*P)k = ^ with pairwise different irre- 
ducible divisors on P and E/y on Pq. Hence j*Q = fi*i*Q = ^2 k ; rfeE^. According 
to the Proposition 3.1 r^ = q for all fc and Ho = X^fcz^M- We define E = Ylk^k- 
Since /i*S = Eo defines a principal polarization, the isogeny fi is an isomorphism and 
E defines also a principal polarization. Therefore i*Q = qE. 

□ 

Let a c : C — > J be the Abel-Jacobi morphism with base point c € C and L = 
OcxciP) a n effective correspondence. 

Lemma 3.1. There exists e G Pic(C) such that for all y £ Po anc ^ / or all c £ C 
a* c a*0 Po (t* y E ) = j(y)- 1 ® c (c) ® L(c)- 1 ® e. 

Proo/ ; See [2] Lemma 12.9.4. 

□ 

We apply the previous lemma to the correspondence t*L to obtain a line bundle 
r] G Pic(C). 

Lemma 3.2. The lines bundle e and 77 satisfy 

e®n = W c ® O c (A.V), 

where A.V is the intersection of the correspondence (as divisor in C x C) with the 
diagonal in C x C and Wc is the canonical divisor. 
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Proof : See [4] Theorem 7.6. (p. 211). 



□ 

In particular, when L is symmetric we have 

e® 2 = W C ® Oc(A.V), 

and hence, dege = g + n — 1 where 2n is the number of fixed points of L with mul- 
tiplicity. 

We shall adapt the Kanev's proof to admit fixed points in the criterion. Let L G 
Pic(C x C) be an effective symmetric correspondence with fixed points pi,... ,P2n G 
C. Suppose that pi, . . . ,p n satisfy the assumptions of the Theorem 1.1. 

Proof of the Proposition 3.1: Let (3 := Oc(pi + • • • + p n ) and ef = £ <8> (3" 1 , where 
e is given by the Lemma 3.1. Observe that e' is a line bundle of degree g — 1. Let 
G = Wg-i — e' . We can assume that the divisor Ho of the Proposition 2.1 is symmet- 
ric. 

Firstly, we shall prove that j~ 1 (0) C SuppHo- Let y G Pq — H> We have to show 
that j(y) £ 6, i.e., h°(j(y) <S> e') = 0. According to the lemma 3.1, we have the 
following expression for j (y) (g) e' 

M := j(y) ®e f = a* c a*O P() (t*_ y E ) ® c (-c) ® L(c) ® /T 1 . 

Observe that M does not depend on c. Since Ho is symmetric and y ^ Ho, c is 
not in the divisor a*a*(t*_ y Ho) for every c G C. Hence, any c in the open set U = 
C - {pi, . . . ,p 2n } is not a base point of the line bundle M <g> O c (c) <g> (3 G Pic 9+n (C), 
since c is not a base point of L(c). Then 

/i°(M ® 0) = h°(M <g> /? ® O c (c)) - 1, 

for all cell. We claim that /i°(M ® /3) = n. Suppose that h°(M <g) /?) > n + 1. By 
Riemann-Roch we have 

® M" 1 ® /T 1 ® C>c(-c)) = h°{M®p® O c (c)) -n- 1 

= h°{M®(3)-n. 

On the other hand 

® M" 1 ® (3- 1 ) = h°(M ®p)-n, 

hence every c G f7 is a base point of >Vc <8> M~ x ® if h°(M <g> /?) > n + 1, which 
is impossible. We conclude that h°(M <g> j3) = n. 
Observe that we can write 

M®[3 = a; i a*Op () (t*_ y E o )0Oc(-pi)®L(p 1 ) 
= a* pi a*0 Po (t*_ y E ) ® O c (Z) 1 - Pl ). 

Since p\ £ D\ — p\ and pi is not a base point of a* pi a* ~0 'p (tl y Ho) , pi is not a base 
point of M <g) (3. Hence, /i°(M <g> /3 <8> Oc(-Pi)) = n - 1. 
In general, we have 

M®/?®O c (-Pi ft) = a; i+1 a*Op (r s/ H )(g)Oc(-K+i)«'^(Pi+i)«' 

®O c (-Pi Pi) 

= 0^^*0^,(4* „H ) ® Oc(A+i - (Pi + ■ • ■ +Pi+i)), 
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for i = 1, . . . , n — 1. By the assumptions on the fixed points, pi + \ is not a base point 

of M ®(3<g)Oc(-pi Pi) = M®O c {pi+i + ---+Pn) and then h°(M ® O c (pi + 

• • • + Pn)) = h°{M ® O c (Pi+i + • • • + Pn)) - 1, for i = 1, . . . , n - 1 . 
By induction on n, we have h°(M) = 0. 

Now, since Ho C Po defines a principal polarization, it is of the form So = ^2 
where the are irreducible divisors linearly independent in NS(Pq). What we 
have just proved implies j*(Q) = X] r fc^fc> with > 0. By the Proposition (2.1) 
j*(6) = Q^k, hence r k = q for all k. Therefore j*@ = qE for 6 = W g -\ - e' . 

□ 

4. Examples 

Coverings over hyperelliptic curves. In this section we consider a similar con- 
struction to the given in [6]. Let X be an hyperelliptic curve of genus g > 3, with 
hyperelliptic involution % and let h : X — > P 1 be the map given by the linear system 
g\. Consider / : X — > X a covering of degree 3 with two ramification points, from 
a projective smooth irreducible curve X . Suppose that the branch locus of / does 
not contain ramification points of h. We define a new curve C by using the following 
cartesian diagram 

C:={fW)-\gl)^xW (4-1) 
P 1 ~ 5 i^^^ x ( 2 ) 

where /^ 2 ^ is the second symmetric product of / and tt is of degree 9. Let us assume 
C smooth and irreducible. We will define the same correspondence on C as in [6]. 
Let s : X 2 — > X^ be the canonical map. We denote C := s _1 (C) C X 2 . Let 
pi : C — > X denote the projection on the first factor. Define 

D:={(a ) 6)GCxC|pi( a )=p 1 (b)}, 

with reduced subscheme structure. This is an effective divisor on C 2 containing the 
diagonal A. Define Y := D — A. The divisor D := (s x s)*(Y) is an effective sym- 
metric correspondence on C of bidegree (4,4). 

Set-theoretically this correspondence is defined as follows. Given z G P 1 , put h^ 1 (z) = 
x + ix and / _1 (x) = {xi,x 2 ,x 3 }, / _1 ( ia; ) = {2/i>2/2,y3}- We denote for i,j G {1,2,3} 

Then vr" 1 = {J^j|i,j = 1,2,3}. Let 

3 3 

D(P ij )= Pu+ E P *r 

l=l,tyj k=\,k+i 

This define an effective symmetric correspondence of bidegree (4,4). The associated 
endomorphism of the Jacobian verifies the equation (cf. [6]) 

7 f> + id - 2 = 0. 

By construction, D is a correspondence with fixed points coming from the ramification 
points of /. More precisely, if x G X is a branch point of / with x\ = a?2 then 
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vr 1 (h(x)) = {2(x 1 +y 1 ),2(x 1 +y 2 ),2(x 1 +y 3 ),x 3 +y 1 ,x 3 +y 2 ,x 3 +y 3 } and P u , P 12 , P13 
are the three fixed points on the fiber over h(x). Moreover, these points verify 

Pu G D(Pn), 

Pii,Pn € D(P 12 ), 

Pn,Pi2,Pn G £>(Pi 3 ), 



and Pij ^ D{Pu) — Pu for i = 1,2,3, which are the conditions of the Theorem 1.1. 
Applying the criterion we obtain that P := Im(l — 7^) is a Prym-Tyurin variety of 
exponent 3 for the curve C. In order to compute his dimension we need to calculate 
the degree of the ramification divisor of it. On the fiber over a Weierstrass point we 
have 3 simple ramification points i.e. with index of ramification 2. If h(x) G P 1 is the 
image of a branch point of / then the fiber -K~ l (h{x)) contains 3 simple ramification 
points. Therefore, the degree of the ramification divisor of ir is w w = 3(2g + 2) + 3(2). 
Using the Riemann-Hurwitz formula we get gc = 3g — 2. By the Corollary 5.3.10 
and Proposition 11.5.2 ([2]) 

exp(P) dimP = ^Tr r (l - 7D ) = (g c - d + ^(A.D)), (4.2) 

where exp(P) is the exponent of P as subvariety of JC, Tr r is the rational trace and 
(A.D) denotes the number of fixed points of the correspondence. Hence, 

dimP = 1(^-4 + 3) =g-l, 

Thus we have obtained a 2g + 1-dimensional family of Prym-Tyurin varieties of di- 
mension g — 1 and exponent 3. We must to show that the curve C is irreducible and 
smooth. With a slight modification on the argument of [6], using a suitable classify- 
ing homomorphism of the covering hof, is not difficult to prove the irreducibility of C. 



Lemma 4.1. The curve C given by the diagram 4-1 is smooth. 



Proof : The curve C C is smooth in a point E if and only if the Zariski tangent 
space TgC is of dimension 1. If E := tt(E), then the diagram 4.1 yields a diagram 



T E C^- 



T 

T E F lc - 



dj 



- T^X^ 

- T E XW 



Since X^ and X^ are smooth of dimension 2, hence 

dim T E C = dimKerd/ (2) + dim(ImdjnImd/( 2 )) 
= 2 - dim df {2) + dim(Im dj n Im df (2) ) 
= 2 + dim Im dj — dim(Im dj + Im df^ ) 
= l + (2-dim(Imdj + Im(i/ {2) )). 



(4.3) 



Then C is smooth in E if and only if Iradj + Iradf^ = T E X^ and this happens if 
and only if the composition 

TeF^TeX^ ^CokeidfW 
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is surjective. Recall the canonical isomorphisms (cf.[l] Ex. IV B-2) 

T E XW ~H°(X,O e {E)), 
T^X^ ~H°(X,Oz(E)), 
TeF 1 ~ H°(X,O x (E))/H°(X,O x ). 

The sheaf Ox{E) may be considered as a subsheaf of the sheaf of rational functions 
on X by setting Ox{E) q = rn x u ^ E ^ for all q £ X, where rn x v ^ E ^ is the ideal of 
rational functions with at most poles of degree v q (E) at q. Then H°(X, Ox(E)) is a 
subspace of the function field K(X) and Oe(E) q = m^' E ' /@x,q- 
Suppose E = ^2 i riiqi with qi distinct points in X and rij positive integers. For 
h € H°(O x (E)) the i-th component of + H°(O x )) in 0m^. = H (O E (E)), 
is the image of /i in rn x n *./Ox,qi- Denote by g 1 , <? 2 , <? 3 € X the points over q. Then, 

E = ^njqj + J2i n i1i + J2i n i1i' witn n i + nf + nf = and we can assume 
> nf > nf. Hence, 

H\O^E)) = ^^m- x <JO xd . 

i j=l 

Let U be a local parameters of X in % and t\ local parameters of X in q\ for j = 1, 2, 3. 
Then df ( - 2 \(t{) u ) = (tif for j = 1, 2, 3 and for all Thus, C is smooth in £ if 

and only if the map 

H\O x {E))^®m x ^/m x n l (4.4) 

i 

is surjective. If E = tt(E) is smooth or E = n(2qi) = 2q , the right hand of 4.4 is 
zero. If E = q± + q2, then tt(.E') = 2q and the right hand of 4.4 is m x g/m^g. Let 
h € H°(Ox{E)) with corresponding divisor 7^ E in g\. Then E^ = Div(/i) + E, 
hence v q (Eh) = = 2 + v q (h), i.e., = —2. Therefore, the image of h is a 

generator of m x l ql /m x l q and C is smooth in E. 

□ 

Coverings of P 1 . Let X be a smooth projective curve of genus g x and consider a 
covering / : X — > P 1 of degree n + 2, n > 2. Let <7* +2 be the linear system defining 
the covering and Bf C P 1 the branch points. Assume that the <7^ +2 is complete, then 
n < gx — I- The degree of the ramification divisor, given by the Riemann-Hurwitz 
formula, is 

WJ = 2g x + 2n + 2. 

Let us to define set-theoretically the curve 

C:= {E€XW I \g l n+2 -E\^%}. 

For z € P 1 , we denote f- l {z) ={P 1 ,..., P n+2 } and by P u ..., in = P h + • • • + P in 
a point in C, with {ii, . . . , i n } C {1, . . . , n + 2}. The curve C comes with a map 
h : C — ► P 1 given by 

Pi 1 ,-,i n ^f(Ph) = --- = f(PiJ, 
which is of degree ( n ^ 2 ) = ( ra+2 K" +1 ) _ j n fact, /i corresponds to the composition of 
the classifying map tti(X — Bf, zq) — ► 5 ra +2 with the monomorphism <S n +2 ^ 5at 
(with iV = ( n + 2 K n + 1 ) ^ which is given by the action of tS„+2 on the cosets of the 
subgroup S n x <S 2 , which has a transitive image. The proof of the fact that C is 
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smooth and irreducible is a slight generalization of Lemma 12.7.1 ([2]). 

Let z € P 1 be a branch point above which the ramification is Pi = P2, then the 

ramification of h above z is given by 

A,ii,...,i„_i = %,..,«„_! {k, ■ ■ ■ , i n -i} C {3, . . . , i n+2 }. 

Hence the fibers of / with only one ramification point induce ( ™i) = n simple rami- 
fication points for h. If above z the covering / has more than one simple ramification, 
the ramification of h above z is a more complicated but not difficult to compute for 
special cases. Using this information we can compute the degree of the ramification 
divisor of h and the genus of C. For example, if the fibers of / have no more than 
one simple ramification, we obtain 

fi(fi -j- 1) 

w h = n-w f , gc = n-gx~\ ^ • (4.5) 

Let us to define an effective symmetric correspondence on C as follows 

I) i„ ' ■Y^i > ,: j..- (4-6) 

where the sum is over the subsets of {1, ... , n} such that \{ii, . . . , i n }^{ji, • • • ,jn}\ = 
n—2. This is a correspondence of bidegree (d, d) = ( n ^ n 2 ~ 1 - ) , n ( n ~ 1 ^ y j n order to Pi v .. ; n 
be a fixed point we must have 

P\,...,n — Pii,...,i n —2,n+l,n+2: 

for some {k, . . . , i n -2 } C {1, . . . , n}, then P n+1 = P h and P n+2 = P j2 with {ji,j 2 } C 
{1, . . . ,n}. Then the correspondence has no fixed points on the fiber h~ 1 {z) if and 
only if f _1 (z) admits at most one ramification point of index < 3. In order to apply 
our criterion to this correspondence we must verify that the endomorphism induced 
by D, denoted by jd, satisfies the quadratic equation 1.1. 

Put Dj := £>(-Pji,...,j„_ 2 ,n+i,n+2), where j = {ji, . . . ,j n - 2 } C {1, . . . ,n}. We want to 
compute 

D\P l _ n ) = Y J D r 

j 

Observe that Pi,..., n appears in Dj for any j, then Pi v .. jTl appears in D 2 (Pi,..., n ) with 
coefficient n ( n ~ 1 ) . Let us divide the elements of the fiber h~ 1 (z) in two types, which 
are of the form Pfci,...,fc„_ 2 ,n+i,n+2 and Pk 1 ,...,k n - 1 ,n+i (or Pk 1 ,...,k n - 1 ,n+2 )• Observe 
that Pfei,...,fe„_2,n+i,n+2 appears in Dj if and only if 

|{/ci, . . . , fc n _ 2 } n {ji, . . . ,j n -2}\ = n - 4, 
hence it is in as many Dj's as subsets of n — 4 elements of {/ci, . . . , fc n _2}, that is, a 
point of the form Pk u ...,k n - 2 ,n+i,n+2 appears in D 2 (Pi v .. )n ) with coefficient (™I 2 ) = 

(n-2)(n-3) 
2 

Similarly, Pfci,...,fc„_i,n+i appears in Dj if and only if 

|{fci,. . . , k n -i} n {ji, . . . ,j n - 2 }\ = n - 3, 

hence Pfe 1 ,...,fe„_ 1 , n +i appears in D 2 (Pi v .. jn ) with coefficient (^3) = (n-1) 2 (n ~ 2) ■ We 
can write 

2 n(n — 1) (n — 2)(n — 3) D 

D (pL,...,nJ = ^ Pl,...,n H 2 P/i,...,j„_2,n+l,n+2 

0'l,-Jn-2}C{l,...,n} 

{3i,-Jn-i}C{l,..,n} {ji,...j n _i}c{l,...,n} 
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<-,. (n-l)(n-2) (n-2)(ra-3) r, j n(n-l) (n-l)(n-2) -. , 

Since i rr - — ^ - = n — 2 and — '- — ± '- = n — 1 we nave 

D 2 (P!,..., n ) = (n - 1)JV., B - (» - 2)D(i\,..., B ) + ( " " ^ " 2) /i'(^,-,n))- 

If 7d denotes the endomorphism of JC induced by D, then we obtain the following 
equation in the Jacobian 

7^ + (n - 2) 7D - (n - 1) = 0. 

We have defined an effective symmetric correspondence on C which verify the equa- 
tion 1.1. 

Suppose that D is free of fixed points. According to the Kanev's Criterion, the abelian 
variety P := Im(l — 70) is a Prym-Tyurin variety of exponent n for the curve C. 
Using the formula 4.2 and 4.5 to compute its dimension we obtain dimP = gx- In 
fact, it was proved by Kanev (Proposition 8.5.4. [5]) that P is isomorphic to JX as 
principal polarized abelian varieties. We shall analyze some cases where the corre- 
spondence have fixed points. 

Case n=2. Suppose that we have a covering / : X — > P 1 of degree 4 with two 
simple ramification points on two fibers and no more than one simple ramification 
point on the others fibers. The covering h : C — > P 1 is of degree 6. In this case we 
have a correspondence on C x C of bidegree (1, 1), that is, an involution on the curve 
C, which sends Pip to P34. We get a fixed point of the correspondence for every 
fiber with two simple ramification points, then the involution has two fixed points. 
Computing the degree of ramification divisor of Wf and Wh we obtain the genus of C 
as follows 

Wf = 2g x + 6 
w h = 2{w f - 4) + 2(3) 

gc = -6+^ + l = 2g x . 

Applying the Theorem 1.1 we have that P := Im(l — 723) C JC is a Prym-Tyurin 
variety of exponent 2. We use 4.2 to compute its dimension 

dimP = 1(^-1 + 1) 

= gx- 



Case n=3. Let / : X — > P be a covering of degree 5 with ramifications as in the case 
n=2. The associated covering h : C — > P 1 is of degree 10 and the correspondence 
D on C is of bidegree (3,3). The fibers of / with two simple ramification points, 
contribute with 3 ramification points the index 4,2,2 on the corresponding fiber of h, 
indeed, if Pi = P2 and P3 = P4 are the ramification points on one of these fibers, we 
have on C 

Pl35 = Pl45 = P235 = P245, -Pl23 = Pl24, Pl34 = p234- 

Since D(P\^) = P245 + P124 + P234, P135 is the only fixed point of D on this fiber. 
Then D has two fixed points. We have that 

w f = 2g x + 8 
w h = 3{w f - 4) + 2(5) 

9C = -6 + ^ + 1 = 3g x + 2. 
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By the Theorem 1.1 we have that P := Im(l — 7d) is a Prym-Tyurin variety of 
exponent 3. As before, we compute the dimension of P and we obtain dimP = 
l(3g x + 2-3 + 1) =g x . 

Case n=4- Consider a covering / : X — > P 1 of degree 6 having two fibers with 
three simple ramifications on each one and the others fibers with no more than one 
simple ramification point. The associated covering h : C — > P 1 is of degree 15 and the 
correspondence D on C is of bidegree (6,6). Let P\ = P2, P3 = P4, P5 = Pq be the 
three ramification points on one fiber of /. They contribute, on the corresponding 
fiber of h, with 3 ramification points of index 4 as follows 

Pi = -Pl235 = -Pl245 = Pl236 = Pl246 
P2 = -Pl345 = -Pl346 = -P2345 = ^2346 
P3 = fl356 = ^1456 = -P2356 = -P2456- 

Observe that Pi, P2, P3 are the three fixed points of D on the fiber and they verify 
the conditions b) of the Theorem 1.1. Applying the criterion we get a Prym-Tyurin 
variety P of exponent 4. Observe that 

Wf = 2gx + 10 
Wh = A(w f - 6) + 2(9) 
9C = 4#x + 5. 
Hence the variety P is of dimension gx ■ 

We shall show that in these examples P ~ JX as principally polarized abelian 
varieties. Let Qq G X and let a n : X^ — > JX be the map 

E^Ox(E-nQo), 

for all E € X^ n \ Let ip = a„ |c be the restriction to C. 

Lemma 4.2. There exists a constant b £ JX such that for all Q € C it verifies 

<p(D(Q)) = (l-n)<p(Q) + b. 



Proof : Let 

b= n(n_ 1 l) (r(t) _ (n + 2)Qo)j 

with £ € P 1 , then b is a constant in JX for any t. A straightforward computation 
shows that 

¥>(£>(Pi... n )) + (n - lV(Pi...n) = \n(n - l)(Pi... n+2 - (n + 2)Q ). 

□ 



By the Universal Property of the Jacobian there exist a unique map <p such that for 
all c G C the following diagram commutes 



C 



>■ JX 



(4.7) 



-<fi(c) 



v 

JC 



Y 



Prym-Tyurin Varieties 
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The Lemma 4.2 tell us that the map (p factorize by P C JC since <po (7/5 +n — 1) 
Then there exists a map ijj making the following diagram commutative 



C 



>- JX 



(4.8) 



7T C 



-ip(c) 



JX 



where ir c = (1 — 70) o a c is the Abel-Prym map. 

Proposition 4.1. Let P = Im(l — 7_d) C JC with 713 i/te endomorphism induced by 
4-6. If dim P = dim JX £/ien ^ zs an isomorphism of polarized abelian varieties. 



Proof : Let g = gx = dim P. Observe that 93(C) generate JX as abelian variety and 
since Z and JX have the same dimension ip : P — > JX is an isogeny. According to 
Welters' Criterion (Theorem 12.2.2 [2]) we have 

Suppose that have proved that 

= 7— ^ I ] in H^- 2 (JX, Z), (4.9) 

then A 9 " 1 [S] = A 9_1 [B] and by the Lemma 12.2.3. [2] tp is an isomorphism. 
Consider the sum map 

S :l( 2 )xj("»-l( n+2 ) 
and define Z := s- l {g} l+2 ). Let C = n^Z) C X^ and C = tt 2 (Z) C XH be the 
projections of Z over the factors. The curves C and C are isomorphic because both 
are isomorphic to Z. Then we can describe C as follows 

C' = {p + q exW 1 |<£ +2 - P - g |^0}. 
Lemma 4.3. a 2 *[C] = A^ 1 ) [6] in H 2 9- 2 (JX,Z). 

Proof : It suffices to prove that n[X] = oe2*[C] in H 2g ~ 2 (JX, Z) since the class of X 
in JX is Qpxji A^ 9-1 ) [0] . Let g : X x X — ► X^ 2 ^ be the sum map and A P i respectively 

Ax the diagonals in P 1 respectively in X. Since [A P i] = [P 1 x {a}] + [{b} x P 1 ], a, b £ 
P 1 , we have 

[A x }+q*[C'} = (/x/rdP'xWl + ^xP 1 ]) 
= [X x D a ] + [D b x X] 

= (n + 2)[Xx{p}] + (n + 2)[{p}xX] in H 2 (X 2 ,Z), 

with D a ,Db € 5^ +2 and for some p £ X. Let S := q(Ax). Applying g* we obtain 

[6] + 2[C] = 2(n + 2)[g(X x {p})] = 2(n + 2)[X+p], (4.10) 

since Ax and X x {p} are isomorphic to their images in X^ 2 \ Recall that 02* (<5) = 
2*[X] = 4[X] where 2* is the push forward homomorphism of the multiplication by 
2 in JX (cf. Theorem 12.7.2 [2]). Applying 02* to the equation 4.10 we get 

4[X]+2a 2 *[C / ]=2(n + 2)a 2 *[X + p] = 2(n + 2)[X] in H 2 (X 2 ,Z). 

Thus, 

a 2 *[C']=n[X] in H 2 (X 2 ,Z). 
This completes the proof. 
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□ 



We denote rj = a n+ 2(g n+2 ) G W„ +2 C JX, where = a n (X^). Therefore, we 
have the diagram 




a c x( 2 ) 



(4.11) 



a 2 (C") C W 2 C W n+2 9 77 

and then (r/ - W n ).W 2 = a 2 {C) and (77 - W 2 ).W n = a n {C). Hence 

a 2 (C / )=r / -a n (C), 

and we conclude that a n (C) is algebraically equivalent to nX. This shows the equality 
4.9 and the proof of the Proposition 4.1 is completed. 



□ 

Remark 4.4. The examples coming from coverings of P 1 are generalizations of the 
Recillas' construction [9] 
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